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PEOBLEMS AND SOLUTIONS. 305 

Note. — ^By the conditions in (a) or (6) the angle of the arc is independent of the total length 
of the race-track. 

Also solved by C. E. Dimick, H. L. Agard, G. Paaswell, A. H. Holmes, 
Paul Capkon, W. C. Eells, C. K. Robbins, W. J. Thome, J. A. Bullaed, 
H. S. Uhleb, and the Peoposer. 

CALCULUS. 

342. Proposed by clabibel kgndall. University of Colorado. 

Referring to Poincarfi's Science and Hypothesis, page 65, show that the path between two 
points in Poincar6's ideal world, requiring the least number of steps of beings such as exist on earth, 
is the arc of a circle cutting the boundary of the Poincar6 world orthogonally. 

Solution by B. P. Finkel, Drury College. 

Poincar^ in his Science and Hypothesis, page 49, 1905 edition, says: "Suppose a world enclosed 
in a great sphere and subject to the following laws: 

"The temperature is not uniform; it is greatest at the center, and diminishes in proportion 
to the distance from the center to sink to absolute zero when the sphere is reached in which this 
world is enclosed. 

"To specify still more precisely the law in accordance with which this temperature varies: 
Let B be the radius of the limiting sphere; let r be the distance of the point considered from the 
center of this sphere. The absolute temperature shall be proportional to R^ — r^. 

"I shall further suppose that, in this world, all bodies have the same coefficient of dilatation 
so that the length of any rule is proportional to its absolute temperature. 

"Finally, I shall suppose that a body transported from one point to another of different 
temperature is put immediately into thermal equilibrium with its new environment." 

To make this problem concrete, suppose a man in this ideal world wishes to go from his 
house to his bam along the shortest path. From the nature of the problem, it is clear that the 
required path wiU lie in the plane of the house, barn, and center of the sphere. We shall assimie 
this to be the case. Taking the center of the sphere as origin of rectangular coordinates, let 
(xo, 2/o) be the coordinates of the house and Qci, yi) the coordinates of the bam. Let the length 
of a step be k{R^ — r^). Then if ds is the length of an element of the path, dslk{W — r^) is the 
number of steps taken in traversing this element, and the total number of steps taken in going 
from the house to the bam is 

r ^« = r ^1 + v"dx ^ dy 

Jx^ k{& - r^) •'«o h{m - a^ - 2/2) ' ""«'« u dx 

This integral is to be made a minimum. The necessary condition for a maximum or minimum is 
'^ <"''-, = 0, where F-' ^^^^^ 



dy dxdy' ' km -3? - ■f 
Hence, we have 

, / ^ \ 

2j/\l+/ _( difi . 2{xy' + yy'^) \^ 

(B?-x^-ty \ (1 + /)W(ii? - x2 - 2/2) y[r:^(S?-x^-y^y/ ' 
or 

dx" \^ dx) 

[-(I)T v^T(iy 

Transforming to polar coSrdinates by the relations x = p cos 9, ^ = p sin 5, we have 
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Let p = Be'. We then have, after some simplification, 






Whence, multiplying both sides by 2dz, and integrating, we have 



Hence, 
and 






dz^ ^ VCi^ - (e' - e-')" 
de e' — t-' 

Using the + sign, we have 

, _ (e' - i-')dz je' - t-')dz 



Whence, on integration, we have 

9 + C. = sin-' ( ''Jitl ) , 



or 



6' + 6-' = VCi» + 4 sin (9 + Ca) = 2C sin {6 + d), 

where 

2C = VCi^ + 4. 

Replacing t' by p/i2 and simplifying, we have 

P» - 2Cfip sin (9 + C2) +B? = Q. 

Transforming to rectangular coordinates, we have 

«« + 2/2 - 2CR SLQ C2X - 2Ci? cos Cy + I? = 0, 

the equation of a circle orthogonal to the circle x^ + y' = B^. 

380. Proposed by C. N. SCHMALL, New York City. 

Show that 

ffl . 1 . 1 . Irf ^^ 

Jo lii + x^'^2* + x^'^3* + x''^ J 12 

where the series in the brackets is infinite. 

Criticism on the solution published in the January, 1916, Monthly, page 23, 
by T. H. Gkonwall, New York City. 

The solution as published is open to criticism, inasmuch as the integrability term by term 
of a uniformly convergent series is assumed for an infinite interval of integration. Now the 
familiar argument runs thus: 

00 N 

S{x) = ■$ Sn{x) = SiSnix) + Rn{x), 

1 1 

N an integer, | Rn{x) \ < « uniformly for a ^ a; ^ 6, e arbitrarily small, and N sufficiently large 
(iV ^ iV^o(«)) ; whence 

J S{x)dx—%J s„(x)dx\ = \j RN{x)dx\ < e{f) — a), 



